908 J. PROPULSION, VOL. 10, NO. 6: TECHNICAL NOTES

Discussion

The theoretical model of an ionizing shock employed in
this Note is fairly simple and can be used for calculating the
shock adiabatics in monatomic gases and the maximal degree
of gas compression behind the shock. Although the model
takes into account only one mechanism of energy losses re-
lated to the ionization of neutral atoms, it results in good
agreement with the experiment as follows from the compar-

ison shown in Fig. 2. This means that the incorporation in.

the model of other energy loss mechanisms, such as the loss
of energy by excitation of electron levels and by radiation
cooling would be hardly expedient for calculating the ionizing
shock adiabatic, at least, its increasing section. On the other
hand, it should be noted that the tail part of the descending
section of the shock adiabatic, for which kT, is of the order
or larger than the difference I, — I, where I, is the second
ionization potential, cannot be described satisfactorily by the
present model. The reason is that in this region of equilibrium
temperatures and corresponding shock Mach numbers, the
ionization of single and multicharged ions should occur.

Although the fact that the compression degree by ionizing
shocks in monatomic gases may considerably exceed the clas-
sic limiting value for gasdynamic shocks 7,, = 4 was known
in the literature (e.g., Refs. 1, 7, 8), the conditions providing
for the maximal compression degree by such shocks and, fur-
thermore, the similarity relation for 7,,, were not clarified in
earlier works. The reason for the occurrence of a maximum
for the dependence n(P) [or n(M,)] is that the endothermic
reaction of ionization leads to a drop of temperature and to
a growth of density in the relaxation zone, so that the value
of the compression degree passes through the classic limit
n = 4 when M, increases. The descending section of the
ionizing shock adiabatic appears due to the fact that there is
a range of sufficiently large Mach numbers M, for which the
plasma behind the relaxation zone becomes practically fully
ionized with respect to the first ionization, while the degree
of second ionization still remains small (in the calculating
model the latter is neglected). As a result, a subsequent in-
crease of M, leads to more rapid growth of the equilibrium
temperature T, than in the range of lower values of M|, so
that the equilibrium gas density p, starts to decrease. Anal-
ogous mechanisms for the formation of nonmonotonic shock
adiabatics is displayed in dissociating shocks propagating in
molecular gases. Examples of such adiabatics may be found
in Refs. 2 and 9.

The experimental data for argon presented in Fig. 2 cor-
respond to the increasing section of the calculated dependence
n(M,). Griffiths et al.” went beyond that limit, and indeed
their experimental results indicate a maximum compression
ratio n,, = 14 for argon at 1 Torr, occurring at a pressure
ratio P, = 1500. These results correspond to those obtained
by Egs. (1--3).
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Introduction

EMPERATURE sensitivity refers to the influence of the

initial propellant temperature on the propellant burning
rate and encompasses the effect of initial temperature on the
thrust and burning time of the solid propellant rocket motor.
The temperature sensitivity of the propellant and the solid
rocket motor are described by several different temperature
sensitivity coefficients.! The coefficients are, the temperature
sensitivity of the burning rate at constant combustion chamber
pressure (a propellant composition parameter only)

d/inr
= 1
0’1’ < 8T )p ( )

the temperature sensitivity of burning rate at constant motor
geometry, a constant value of the propellant area ratio> K
(both a rocket motor parameter and a propellant composition

parameter)
dlur
Ox = < oT )K @)

and the temperature sensitivity of the combustion chamber
pressure for constant motor geometry (both a propellant com-
position parameter and a rocket motor parameter):

_(9up
= (), 0

Another coefficient, the temperature sensitivity of the char-
acteristic velocity for constant motor geometry (both a pro-
pellant composition parameter and a rocket motor parameter)

34 C*
= 4
Te < oT )K ( )

is necessary for deriving a working relationship for Eq. (3)
since the characteristic velocity is involved in the equilibrium
combustion chamber pressure equation.?
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The coefficient of greatest interest is the motor temperature
sensitivity coefficient defined by Eq. (3). Its value determines
the pressure, thrust, and burning time of the motor at the
temperature extremes.

Analysis
Three different relationships®~ ¢ for the motor temperature
sensitivity coefficient 7, have been derived. Derivation of 7y
involves combining St. Roberts’ burning rate law for defining
the burning rate

r=cp" ©)
with the equilibrium combustion chamber pressure equation.>
The three different equations for the motor temperature sen-
sitivity coefficient are
e = [o,/(1 = n) (6)
from Refs. 3 and 4 and
m = [(o, + m)/(1 — n)] ™)

from Ref. 5. Both Eqs. (6) and (7) assume in their derivation
that

" 7" a
op = dmry _(9kc +/,’,p<—n) + nawg = 0, + ng
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In Eq. (8), we wrote o = 0, + nm, only when ¢ and n are
not functions of pressure. The third equation is

1 d4C on
= +uplZ) + 10
[ — [( oT )K vp (aT)K ”C] (10)

from Ref. 6. No assumptions regarding the equality of [ ]
and [ ], derivatives are made.

In order to utilize experimental data, the above three
expressions may be written in finite difference form. Thus,
from Eq. (9), Eq. (6) becomes

1 e Coley n, — n,
= —— + - 1
K 1"”2|:T2_T1 /pl<T2_T1 (1)

From Eq. (9), Eq. (7) becomes

where

1 o Cyley , n, — n,
" 1 -n [Tz - T Tap <T2 - T T (12)

The finite difference form of Eq. (10) is

1 /n €51, ) ny, — n,
(S P [—Tz _ T, + 4 py <T2 v + . (13)

Since most rate-pressure curves’ show that the pressure
exponent n changes with pressure, it is of interest to compare
the values of m; as determined by the three different 7,
expressions above [Eqs. (11-13)] for propellants having pres-
sure exponent changes with pressure.

It should be noted that, at least for ammonium perchlorate-
based composite propellants, the available theories, GDF,?
BDP.® and PEM, '° predict an exponent change with pressure.
Moreover, theory predicts that the burning rate curves are
continuous functions of pressure, whereas the experimentally
observed exponent break may possibly be an artifact of limited
experimental data at a temperature. Thus, propellant burning
rate curves with exponent breaks will be shown, but it should
be recognized that the burning rate curve may be considered
continuous with gradual exponent changes, and that the burn-
ing rate exponent n is the slope of the curve at a point or
pressure. From that slope at that point, the corresponding
value of the parameter ¢ may be determined, thereby enabling
Eq. (5) to be used at any point.

Numerical Examples

Two different propellants, as illustrated in Figs. 1 and 2,
will be utilized in comparing the values of 7, as determined
using Eqs. (11-13). The values for the rate parameters of the
two propellants are shown in Table 1. The value of 7, will be
assumed constant.!! Thus, 7. = 0.00006. The values for the
two temperatures are 1) 7, = 70°F and 2) 7, = 145°F, and
the value of p, is 1400 psia, the motor operating pressure at
the lower temperature.!'

For both propellants an exponent break occurs for the higher
temperature at 1500 psia. Consequently, the parameter » for
that branch is a function of pressure, as is the parameter c.
In the first case the value of the exponent increases after the

Iy K = const
Inr

p = const

Inc2

P .
'
Incs |~ l / T

her 7 IA nt ’ T2> T
} -
Inp In p2 Inp

Fig. 1 Schematic of burning rate behavior of propellant 1.
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Fig. 2 Schematic of burning rate behavior of propellant 2.
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Table 1 Burning rate parameters

Propellant 11!

Propellant 2

n c n
Burning rate branch, subscript 1 0.050357 0.3 0.050357 0.3
Burning rate branch, subscript 2 0.026880 0.4 0.026880 0.4
Burning rate branch, subscript 3 0.0029964 0.7 0.5010 0.0

Table 2 774 values

Eq. (1) Eq. (12) Eq. (13)
Propellant 1 0.002149 0.002248 0.003576
Propeliant 2 0.002149 0.002248 0.001716
Table 3 P, values, psia
Equation Eq. (14) True value
(11) 1644
Propelilant 1 (12) 1657
Figure 1 (13) 1830 1830
(11) 1644
Propellant 2 (12) 1657
Figure 2 (13) 1593 1593

break, whereas in the second case it decreases. Conversely,
the parameter ¢ decreases for the first and increases for the
second.

On each figure the line A-B represents a line of constant
pressure, and the line A-C represents a line in which K is
constant. At the low temperature T, the rocket motor op-
erates at point A, while point C represents the motor oper-
ating point at the high temperature T,.

Substituting the proper values for the rate parameters into
Eqgs. (11-13) from the values for the two propellants yields
the values shown in Table 2.

From the definition of wg, Eq. (3), the equilibrium com-
bustion chamber pressure in the rocket motor at the elevated
temperature may be written

pr = prexp((T, — T\)mg] (14)

Substituting the values from the results of the calculations of
my yields the values shown in Table 3. The true value of p,
in the third column of Table 3 is calculated from the equilib-
rium combustion chamber equation? using the proper values
for ¢*, ¢, and n at T,.

As can be seen, the values predicted for both 7, and the
final equilibrium combustion chamber pressure p,, differ for
the three different relationships, Eqs. (6), (7) and (10). Also,

the values predicted by Eqs. (6) and (7) are identical for the.

two propellants regardless of the value of the exponent after
the exponent break. The values predicted by Eq. (10) differ
for the two propellants as they should.

Discussion

The three expressions for 74 have been shown to yield
different numerical results for the most general case in which
the propellant has exponent breaks. Similar differences would
be found for a propellant with gradual changes in exponent
with pressure. The reason for the difference is that the motor
temperature sensitivity coefficients [Eqs. (6) and (7)] assume
that the burning rate parameters ¢ and n, are not functions
of pressure [see Egs. (8) and (9)]. As a result of this as-
sumption, the . expression of Eqs. (6) and (7) involves the
parameter o, which is by definition restricted to burning rate

changes with temperature in which the pressure remains con-
stant. As a result, neither Eq. (6) nor Eq. (7) can predict the
effects that occur at higher pressures. In fact, Egs. (6) and
(7), predict values of 7, and p, that are identical for both
propellants regardless of the value of the burning rate ex-
ponent at the higher temperature.

The temperature sensitivity coefficient described by Eq.
(10) has been derived for the case in which both burning rate
parameters ¢ and n, are assumed to be functions of temper-
ature and pressure. Equation (10) involves the partial deriv-
atives with the motor geometry held constant. Therefore, it
represents the motor operation at the different temperatures
for the most general case in which the exponent changes with
pressure, and its value depends upon the final value of the
exponent at the higher temperature.

Conclusions

The three expressions for 7, were shown to be of equal
complexity and ease of use. All involve only the data taken
for burning rate and use the parameters in St. Roberts’ burn-
ing rate law. The most general expression for the motor tem-
perature sensitivity coefficient [Eq. (10)] should be used since
itis a true 7 relationship having the partial derivatives taken
with the motor geometry held constant.
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